Abstract. Commute mode choice and number of non-work stops during the commute are joint decisions interacting with each other. If an individual chooses a vehicle for the commute, regarding vehicle's restrictions, there could be some stops. On the other hand, if an individual needs to have some stops, a vehicle can be selected for the commute regarding the number of stops. In this study, to consider the interaction between these decisions, we employed a copula-based joint modeling framework. The data used in this study are drawn from origin-destination travels data of Shiraz-Iran conducted in 1997. The commuting mode choice modeling is undertaken using a multinomial logit model, and the number of non-work stops is modeled using an ordered response formulation. To capture the interaction between these decisions, several copula functions have been used. Results con rm that the mode and number of non-work stop choices are interrelated choices by estimating the commonly observed factors and dependence parameters with high statistical signi cance. By determining common e ective factors, we can analyze the current situation in the community. Therefore, we can use the results so as to forecast future travel demand and set some policies, leading to the promotion of trip chaining.
Introduction
The continual growth of urban travels, in particular, traveling with the private vehicle, is one of the major reasons causing urban tra c congestion and related problems such as noise and environmental pollutions, energy waste, and safety decline [1] . As the quality of human life improves, more comfort and convenience come along; in terms of a travel behavior scope, this leads to the increasing use of personal vehicle. Under such conditions, changing transportation infrastruc-tures is necessary to service the vehicles [1] . The high cost of constructions and operations necessitates a planner to nd better options. There are policies and planning along with the development of transportation infrastructures that could meet the future requirements.
To solve tra c congestion, we must determine factors causing this problem. Work and educational trips constitute a major part of tra c congestion in the morning and evening during peak hours. The home-to-work-trip tra c congestion occurs during the morning peak hours, and the work-to-home-commute tra c congestion occurs during the evening peak hours. Work and educational trips constitute a major share of people's trip. These trips are considered as mandatory ones that, principally, could be not eliminated. For mandatory trips, we can induce conditions that facilitate tra c congestion reduction, e.g. promoting planned trip chain and improving public transportation e ciency.
Usually, when people face tra c congestion, they look for greater use of their travel. For example, instead of two separated trips to work and markets, they add stops in their work trip and do the shopping while cancelling their shopping trip. This idea is the basis for the formation of the trip chaining. The trip chain is a set of trips that people with the intention of making some stops would obtain their secondary goals in their main trip. In the rest of this paper, work and educational trips are considered as the work trip. This study examines work trip chains that have at least one non-work stop.
According to the above points, having more nonwork stops during the commute and using public transport can reduce tra c congestion, signi cantly. Achieving several goals during the commute needs spending more time, and using public transport adds to the time spent [2] . Therefore, it can be expected that private vehicle utilization is more favorable and likely in such conditions [2] . This point indicates the complexity of the planning.
The rest of this paper is structured as follows. The next section provides a literature review. Section 3 discusses the methodology. Section 4 describes the data source. Section 5 reports results. Conclusions are reported in the nal section.
Literature review
Some earlier studies ignore the interaction between the commute mode and number of non-work stops [3] [4] [5] . Several studies are focused on the analysis of the number of stops without considering the e ect of the commute mode [3, 4] ; on the contrary, a large number of studies are focused on the commute mode choice with no regards to the e ect of the number of stops [5] .
Some others have attempted to establish a tenuous link between stop-making and mode choice using one variable as an independent variable to describe another variable [6] [7] [8] . For example, Bhat and Sardesai [7] utilized the number of stops and travel time reliability as independent variables in the commute mode choice model. As an example, Strathman et al. [8] used trip characteristic, such as a commute mode, in the number of stops model. Some studies considered the interaction between commute mode choice and the number of stops and used joint modeling formulation; however, commute stops model is represented as a binary choice (no commute stops and one or more stops) [9, 10] .
Bhat [2] used an econometric structure for joint modeling of commute mode choice and the number of non-work stops where the number of stops can obtain any positive and integer values. The number of stops is modeled using an ordered logit model, while the commute mode choice is modeled using a multi-nominal logit model. In this study, the key point is nding the joint probability function. In other words, for each individual, we must determine the joint probability of choosing the combination of each mode and each number of stops. According to the observation, the likelihood function is formed and maximized. Bhat formed a bivariate joint distribution as follows [2] : -Error terms of commute mode choice follow the Gumbel distribution. Its cumulative distribution is calculated. By using normal inverse cumulative distribution, Gumbel distribution is converted into a normal distribution;
-Error terms of the number of stops follow the normal distribution;
-By using the bivariate normal distribution, joint bivariate distribution of error terms and joint probability function are computed.
These methods can consider the interaction between decisions, but restricting the relationship to one form is inappropriate. There are other functions that may be more appropriate to describing this correlation. Such functions are known as copulas. The copula is a function that generates a stochastic dependence relationship among random variables with pre-speci ed marginal distributions [1] .
Finally, Bhat et al. [1] used copula in joint modeling of the commute mode choice and the number of stops during the commute. The data used in this study are drawn from the time-use multi-purpose survey conducted between 2002 to 2003 in a greater Turin metropolitan area of Italy. Mode choice model includes four choices: drive alone, shared ride, active transport, and public transport. the Number of stops includes 0, 1, 2, and more than 2 stops.
Frank and Gaussian copulas are used for joint modeling. The best model is obtained by the Gaussian copula that has log-likelihood equal to {1652.39. Results con rm the interaction between the two decisions [1] .
The existence of some common observed and unobserved factors between these decisions indicates that these decisions are not separated and are not given priority. Some previous studies have considered the priority of these decisions. By using copula-based joint model, this study removed this priority. This paper used this methodology for joint modeling of mode choice and the number of non-work stops for the Iranian community using travel data of shiraz. Determining elasticity for dummy and ordered variable is considered as another novelty of this paper.
Methodology
This paper employed a copula-based joint model to recognize the factors with simultaneous e ects on mode choice and the number of non-work stops. Some visible factors have common e ects on mode choice and number of non-work stops. These factors are considered as commonly observed factors. Therefore, by obtaining knowledge about common factors, we can set some policies to increase the probability of choosing public transport and have more non-work stops during the commute facilitating tra c congestion reduction. Further, there are some common unobserved factors between the two choices whose e ects are undetectable by us in a systematic way. Therefore, the current paper employed some copula functions to consider the correlation between unobserved factors of the two models.
The commute mode choice is modeled using multinomial logit formulation. Assume that error terms of utility functions are identically and independently Gumbel distribution. The ordered-logit formulation is adopted for the number of non-work stops model. Assume that error terms of propensity function have a standard logistic distribution. Assumptions have been made on the basis of earlier studies' assumptions [1] . In this study, FGM, AMH, Frank, Gaussian, Gumbel, and Product copulas have been used to obtain a better tted model. The copula with the greatest loglikelihood and dependence parameters in an acceptable range is the best copula.
Model structure
The commute mode choice was modeled using a multinomial logit model. Let q be the index for individuals and i be the index for the mode. Let h qj be the latent utility acquired by individual q for choosing travel mode i [11] : h qi = x qi + " qi ;
(1) where x qi is the column vector of exogenous variables speci ed to mode i, and is the corresponding column vector of parameters to be estimated. " qi represents an idiosyncratic error term [2] . Assume that " qi values are identically and independently extreme values distributed with the location parameter of zero across alternative i and individual q [2] . According to utility theory, individual q selects alternative i if and only if the following condition holds [11] :
Let r qi be a dummy variable; r qi = 1 if the ith mode is chosen by the qth individual; r qi = 0 otherwise. De ne [11] as in the following:
By combining Eqs. (1) and (2):
Eq. (4) can be rewritten as follows:
Therefore, r qi = 1 if and only if x qi > v qi .
The implied marginal distribution of v qi can be obtained through Eq. (3) and the distribution assumption on " qi as follows [11] :
exp( x qj ) ; j = 1; 2; : : : ; J:
The ordered logit formulation was used for the number of commute stops [1] . Let s qi represent the stop-making propensity of the qth individual that uses mode i. s qi is the number of non-work stops depending on mode choice i. s qi is observed only for the chosen mode i in the sample [1] . Then, in the usual ordered response structure, we may write the following [1] :
where z qi is the column vector of the exogenous variable speci ed to mode I, and is the corresponding column vector of coe cients to be estimated. qi represents an idiosyncratic error term assumed to be a standard logistic distributed with marginal cumulative distribution function G(:). terms are the threshold bounds that horizontally partition the latent stop-making propensity and provide the relationship between the latent stop-making propensity and the observed number of stops. By convention, i;0 = 1 and i;K = +1 for each mode i, where k is an index for number of stops (k = 1; 2; 3; :::; K) [1] . The probability of individual q choosing mode i and making k commute stops is written as follows: 
To obtain this probability function, we need a bivariate cumulative distribution function between error terms of the two models. Therefore, copula functions were used. An m-copula can be de ned as m-dimensional CDF whose support is contained in 
where is the parameter of copula called the dependence parameter, which measures the dependence between the marginals [12] .
Eq. (8) can be rewritten using copula as follows: Pr[r qi =1; s qi = k] = C (u qi1 ; u qi;k;2 ) C (u qi1 ; u qi;k 1;2 ); (10) where dependence parameter () shows the correlation between v qi and qi . According to Eq. (3), the correlation between " qi and qi has an inverse sign. Table 1 shows characteristics of some copulas [12] . For more information, see [12] [13] [14] .
3.2. Estimation procedure Let 1[.] be an indicator function taking the value of unity if the expression in parenthesis is true, and 0 otherwise. Also, the following dummy variable is de ned as follows [1] :
(11) The log-likelihood function for the estimation of parameters in the model takes the following form [1] :
M qik log[Pr(r qi =1; s qi =k)] : (12) All parameters in the model are consistently estimated by maximizing the log-likelihood function. The parameters estimated in the joint model are (k 1) i;k , and vectors, and dependence parameters of the best tted copula. Maximization task is accomplished using R-studio programming. To do so, numerical methods are used to maximize log-likelihood function. Through an iterative process, convergence of answers could be achieved. Figure 1 shows the owchart of the methodology.
Data source
The source of data used in this study is derived from the origin-destination travel data of Shiraz-Iran conducted in 1997 by Sharif University of Technology, Iran for Transportation Studies and Research (ITSR). The survey collected data from 51212 peoples aged 6 years and older. The sample used in this paper includes 1029 individuals.
Work trip chains should have at least one nonwork stop during the commute. Consider a situation where an individual has a trip from home toward work and coming back home. If an individual has at least one work trip and has one or more non-work stops, this set of trips is considered as the work trip chain. Also, the educational trip is considered as the work trip. An individual may use a variety of vehicles in his or her work trip chain. In this study, the mode used for the nal leg to work is used as the work trip chain mode [1] . Five di erent modes were selected for the MNL model. These modes are private vehicle, taxi, bus, motorcycle, and other. Table 2 shows commute modes' frequency. Frequency of number of stops is presented in Table 3 . Table 4 introduces exogenous variables and Table 5 shows the distribution of data by the commute mode and by number of stops for exogenous variables. 
Results
Modeling is accomplished with our prior knowledge about the relationship between dependent and independent variables. An appropriate model is a model that has the biggest log-likelihood and has logical statistically signi cant coe cients. To investigate the matter, di erent copulas are examined. In MNL model, the private vehicle is considered as the base mode and has zero utility [1] . Utility coe cients of other modes are estimated comparatively. Age, job, and life cycle group of variables have one dummy variable as the base variable. Table 6 shows the general information about modeling with di erent copulas.
The best tted model is obtained by Frank copula that has a log-likelihood value of {1849.210, as compared to {1853.150 for product (independent) copula. Table 7 shows the joint modeling results with Frank copula.
Mode choice results
The coe cients of the socio-demographic variables are presented favorably as expected. For example, for individuals with the driving license, a private vehicle is practically more advantageous than a taxi, bus, motorcycle, and others are. Increasing the number 
Number of non-work stops results
Similar to the mode choice, numbers of non-work results are su cient as expected. Individuals in 6-18 years old groups have a lower propensity for more nonwork stops. Also, men have a higher propensity for more non-work stops rather than women. People in life cycle 1 have a higher stop-making propensity than other life cycle groups. Results show that driving license, the number of vehicle ownership, and household size do not have any e ects on the number of non-work stops.
Correlation parameters
Dependence parameters of each mode are signi cantly di erent from zero, indicating a positive correlation among common unobserved factors related to both mode choice and the number of non-work stops, specifically between error terms v qi and qi . The positive dependence parameters indicate a negative correlation between utility error term (" qi ) and propensity error term ( qi ). These negative correlations are interpretable. For example, a workplace in the central business district is an unobserved factor that increases stop propensity due to the presence of many opportunities in these districts and private vehicle utility decreases, because there is condensed tra c in these districts. It can be used to interpret a negative correlation among private utility and stop-making propensity error terms. The statistical signi cance of dependence parameter is in accordance with the expectations and previous research results. This point can be used to validate the model.
Elasticity
Elasticity is a concept that can be employed for continuous variables. There is no continuous variable in the exogenous variable set. To determine the aggregate elasticity for dummy and ordinal variable, the following measure has been taken [15] :
-For dummy variables, we change one values to zero and zero values to one. Then, the absolute shifts in the expected share are summed up; -For ordinal variables, we increase variables by one and compute expected shifts.
This elasticity is disaggregating. To determine aggregate elasticity, we use [11] :
P n (i) ; (n = 1; :::; N); (13) where E P (i) n x in is the disaggregate elasticity for x i variable, i is the mode choice, and P n (i) is the probability of mode i chosen by individual n. Table 8 shows the aggregate elasticity for some dummy and ordinal variables.
Conclusion
In this study, the interaction between commute mode choice and the number of non-work stops was examined in the copula-based joint model framework. The existing common or related observed and unobserved factors between the two models were captured by joint modeling. The copula function was used to combine unobserved factors of models and approved results of these correlations through estimating signi cant parameters statistically for copula dependence. This model can be used in two ways: to predict future travel demands of society and have an appropriate planning to respond; to use the results to set policies for the current situation so as to reduce tra c congestion. Those factors that increase the probability of using public transport and having more non-work stops should be supported. The important point is that these results, while validated, are viable for Shiraz only, not for anywhere else. 
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